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The model 



Hypercentral Constituent Quark Model  

H3q =   T    +    V3q(ρ,λ)    +     Hhyp   
SU(6) 
symmetry 

SU(6) 
violation 

  the quark interaction contains	

•  a long range spin-independent confinement	

•  a short range spin dependent term	


A separation typical of any CQM 

For	  a	  review:	  M.G,	  E.	  Santopinto,	  Chin.	  J.	  Phys.	  53,	  1-‐75	  (2015).	  	  	  

M. Ferraris et al.,  Phys. Lett. B364, 231-238 (1995).  

SU(6) configurations  LP
t    t=A,M,S (symmetry type) 



Hyperspherical coordinates:          ρ,  λ  —> (x, t, Ωρ, Ωλ) 
 

x = (ρ2 + λ2)1/2                 t = arctg ρ/λ	

hyperradius                     hyperangle 

(size)                               (form) 

In the Schrödinger equation   L2(θ,φ)  —>  L2( t, Ωρ, Ωλ)  
 
                                               C2(O(3))             C2(O(6)) 

 L2( t, Ωρ, Ωλ) Y[γ] ( t, Ωρ, Ωλ) = -γ (γ+4) Y[γ] ( t, Ωρ, Ωλ)    

Y[γ] ( t, Ωρ, Ωλ)      hyperspherical harmonics 
 
γ = 2n + lρ + lλ        grand angular quantum number 	  



Hypercentral hypothesis 

V = V(x) 

Factorization of the wf 

Ψ(x,t, Ωρ, Ωλ)    =         ψνγ(x)        Y[γ] (Ω)  	


“dynamics”           “geometry” 

Only one “hypercentral” equation for ψνγ(x)   

ν  number of nodes 
γ   grand angular quantum number 

232 M. Ferraris et al. /Physics Letters B 364 (1995) 231-238 

h-o. basis, leading to a fair description of the baryon 
spectrum and providing also a qualitative agreement 
with the experimental helicity amplitudes for the 
photoexcitation of the nucleon resonances [3,4]. The 
model includes in a very simple way many important 
features of the quark dynamics and allows a consis- 
tent evaluation of the quantities of interest, however 
it fails in describing the absolute strengths of the 
photoexcitations and the momentum transfer depen- 
dence of the electromagnetic form factors, apart from 
the neutron charge form factor [5]. The difficulty of 
reproducing both the spectrum energies and the elec- 
tromagnetic properties seems to be a common fea- 
ture of the present potential descriptions [6] and this 
means that the underlying dynamics is not yet fully 
accounted for. In order to understand this point, it is 
necessary to build different potential models, corre- 
sponding possibly to different dynamical mecha- 
nisms, within a consistent scheme, so that the com- 
parison of the results can be done clearly, leading to 
reliable information on the possibilities and limits of 
a potential model description of the baryon proper- 
ties. To this end one needs a general framework 
where the various models can be formulated. 

In this respect, an approach based on algebraic 
methods has been recently proposed [7]. The idea is 
to look for a dynamical symmetry that is higher than 
the standard one. The construction of suitable chan- 
nels of subgroups supplies convenient quantum num- 
bers for the diagonalization of the hamiltonian, which 
in principle can be chosen in the most general form. 
In practice the choice is limited to some terms of the 
hamiltonian, having in mind particular symmetrical 
patterns for the quarks within the nucleon, such as a 
Y-shaped configuration. The assumption that the 
electric charge is distributed, with some model den- 
sity, along strings in a Y-shaped array, leads to a 
dipole fit of the electromagnetic form factors. 

The potential model can be viewed as a micro- 
scopic counterpart of the algebraic approach. How- 
ever, the necessity of reproducing both the baryon 
spectrum and the electromagnetic excitation requires 
a modification of the model; in particular, the h.o. 
basis, responsible for a too strong damping of the 
form factors, should be abandoned. In this paper we 
report on the first results of a potential model based 
on three-quark forces [81. As it will be discussed 
below, the two-body potentials commonly used can 

%:); 
9 

Fig. 1. The lowest order diagram leading to three-body forces 
among quarks. 

be in practice approximated by a three-body poten- 
tial. Therefore a three-body approach can be consid- 
ered sufficiently general, since it can contain both 
two- and three-body force contributions. 

The idea of multiquark forces has been already 
considered in the early days of the quark model [9]. 
However, after the introduction of QCD as the fun- 
damental theory of strong interactions, the existence 
of three-quark forces can be put on a firmer basis. 

First, the presence of 3q forces is strictly related 
to the existence of a direct gluon-gluon interaction, 
which is one of the fundamental features of QCD. 
The diagram shown in Fig. 1 is the lowest order 
process leading to three-body interactions among 
quarks, but of course many others can be considered. 
It has been shown that minimizing the energy in the 
flux tubes generated by three quarks, three-body 
forces are easily obtained [lo]. Furthermore, a 
Born-Oppenheimer treatment of the confinement po- 
tential in a QCD motivated bag model leads quite 
naturally to three-body forces [l&12]: at large dis- 
tances the energy of a 3q-system increases linearly 
with some ‘collective’ radius, which depends on the 
positions of all the three quarks on the same footing. 

The 3q-forces are more easily introduced and 
treated within the hyperspherical harmonics [13] for- 
malism. The internal quark motion is usually de- 
scribed by means of the Jacobi relative coordinates 
p and A: 

r1+ 7.2 

r1 - r2 - 2r, 
P= fi 7 A= fi (1) 

or equivalently, p, flp, A, OA. 

The hyperspherical coordinates are defined in 
terms of the absolute values p and h 

X= l/m, t=arctg( X), (2) 



Hypercentral Model  

H3q =   T    +   -‐τ/x	  +	  α	  x	  	  	  	  	  	  	  +     Hhyp   
three free parameters  fitted to the spectrum 
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Some remarks on the spectrum 
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PDG          4*  &  3*
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Negative parity states 

SU(6) configuration       1M 

Possible 3-quark states 

           28                                            48                              210 
  

       S=1/2                        S=3/2                        S=1/2 

    N 1/2−                       N 1/2−                        Δ 1/2−  
    N 3/2−                       N 3/2−                        Δ 3/2−  
                                     N 5/2−  

obtained combining the orbital angular momentum L=1 
with the spin values 

Notation 2s+1SU(3) 
	  

-	  



BUT 
in the PDG 2102-2014 there are new entries  

The SU(6) configuration     1-
M 

Contains all the 4* & 3* resonances known prior up to 2010 

           28                                            48                              210 

N(1535)1/2−              N(1650)1/2−            Δ(1620)1/2−  
N(1520)3/2−              N(1700)3/2−            Δ(1700)3/2−  
                                  N(1675)5/2−  

3*  N(1875) 3/2-    where should it be placed? 

- 

(there	  are	  also	  5	  new	  2*	  states!)	  
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The helicity amplitudes 



HELICITY	  	  AMPLITUDES	  
	  

Extracted	  from	  electroproducNon	  of	  mesons	  

N N	  

γ	
 π	  
N*	  

A1/2	  A3/2	  S1/2	  	  



Definition	

	

	
A1/2 = < N* Jz = 1/2 |  HT

em | N Jz = -1/2 >             §	

     A3/2 = < N* Jz = 3/2 | HT

em | N Jz =  1/2 >              §	

      S1/2 = < N* Jz = 1/2 | HL

em | N Jz =  1/2 > 	

	

	
 	
 	
 N, N* nucleon and resonance as 3q states	


              HT
em Hl

em   model transition operator	

	

                       calculated in the Breit System	

	

§  results for the negative parity resonances:   	

      M. Aiello, M.G., E. Santopinto J. Phys. G24, 753 (1998)	

	

Systematic predictions for transverse and longitudinal amplitudes	

    E. Santopinto, M.G., Phys. Rev. C86, 065202 (2012)	

	


Proton and neutron electro-excitation to 14 resonances	




 
 
 
 
 

The photocouplings 
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21	  

Q^2 = 0 values with hCQM

Ap 1/2 Ap 3/2 Sp 1/2 An 1/2 An 3/2 Sn 1/2 

D13 (1520) -65,7 66,8 78,2 -1,4 -61,1 -79,6

D13 (1700) 8,0 -10,9 -7,9 12 70,1 8,1

D15 (1675) 1,4 1,9 0 -36,6 -51,1 -0,2 zero for 

D33(1700) 80,9 70,2 78,2 no Hyp

F15 (1680) -35,4 24,1 27,4 37,7 14,8 -0,6

F35(1905) -16,6 -50,5 -4,6 10^(-5) no Hyp

F37(1950) -28,0 -35,1 -0,4

P11(1440) 87,7 65,4 57,9 -0,9

P11(1710) 42,5 -22,6 -21,7 18,4

P13(1720) 94,1 -17,2 -35,8 -47,6 3,9 13,5 identically

P33(1232) -96,9 -169 -0,6 zero

S11(1535) 108 -48,4 -81,7 49,2

S11(1650) 68,8 -27,5 -21,0 28,2

S31(1620) 29,7 -55,3

10-‐3	  GeV-‐1/2	  

M.	  Aiello	  et	  al.,	  Phys.	  LeG.	  B387,	  215	  (1996)	  
	  E.	  Santopinto,	  M.G.,	  Phys.	  Rev.	  C86,	  065202	  (2012)	  



Q2 dependence 



 0

 20

 40

 60

 80

 100

 120

 140

 160

 180

 0  1  2  3  4  5

A
3

/2
 D

1
3
(1

5
2
0
) 

(1
0

-3
 G

e
V

-1
/2

)

Q
2
 (GeV

2
)

 (a)       hCQM
PDG

Maid07
Mok09
Azn09
FH 83

-180

-160

-140

-120

-100

-80

-60

-40

-20

 0

 0  1  2  3  4  5

A
1
/2

 D
1

3
(1

5
2

0
) 

(1
0

-3
 G

e
V

-1
/2

)

Q
2
 (GeV

2
)

 (b)       hCQM
PDG

Maid07
Azn09
Mok09
FH 83

-80

-60

-40

-20

 0

 20

 0  1  2  3  4  5

S
1

/2
  

D
1

3
(1

5
2

0
) 

(1
0

-3
 G

e
V

-1
/2

)

Q
2
 (GeV

2
)

 (c)       hCQM
Maid07
Mok09
Azn09

	

N(1520) 3/2- transition amplitudes	


M. Aiello et al., 	

Phys. Lett. B387, 	

215 (1996)	

E. Santopinto, M.G.	

Phys. Rev. C86, 	

065202 (2012)	




 0

 20

 40

 60

 80

 100

 120

 140

 0  1  2  3  4  5

S
1
1
(1

5
3
5
) 

A
p

1
/2

 (
1
0

-3
 G

e
V

-1
/2

)

Q
2
 (GeV

2
)

(a)      hypercentral CQM

N(1535) ½ -	

 transition amplitudes	


M. Aiello et al., 	

Phys. Lett. B387, 	

215 (1996)	

E. Santopinto, M.G.	
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Δ(1232) 3/2+ transition amplitudes	


E. Santopinto, M.G.	

Phys. Rev. C86, 	

065202 (2012)	




There is missing strength at low Q^2 	


The reason is attributed to the lack of	

	


Quark-antiquark pair mechanisms	

	


not present in a three-quark model	

	  

E. Santopinto, Ph. D. Thesis (Genova 1996).	  
M. Aiello et al., Phys. Lett. B387, 215 (1996)	




L. Tiatot et al., Eur. Phys. J. A19}, 55 (2004).	  	  

solid: MAID 
dotted: dynamical model 
dashed: hCQM predictions 



Relativity 

• 	   	  	  Lorentz boosts 

•   Relativistic dynamics 

•   quark-antiquark pair effects (meson cloud) 

•   [relativistic equations (BS, DS)] 
	  

Various	  levels	  



Relativistic corrections to form factors 

	  
•  Lorentz boosts applied to the initial and final state 
•  Expansion of current matrix elements up to first      

 order in quark momentum 

•  Results 
Arel	  (Q2)	  =	  F	  	  An.rel(Q2

eff)	  
F	  =	  kin	  factor 	   	   	  	  Q2

eff	  =	  Q2	  (MN/EN)2	  



406 M. De Sanctis et al.: A relativistic study of the nucleon helicity amplitudes

Fig. 1. Comparison between the ex-
perimental data for the helicity am-
plitudes Ap

3/2,A
p
1/2 for the D13(1520)-

resonance and the calculations with
the relativistic corrections (full curve).
The data are from the compilation of
[31]. In the figure we report also the
non relativistic calulations in the EVF
(dashed curve) and in the Breit frame
(dot-dashed curve)

tS = ⇥
�
�S �

1
6
vqeff
m

⇥
, (31)

tI =
1
⇥

1
�I + 1

3
vqeff
m

, (32)

gS =
2
3

+
2m�I

MR +MN
, (33)

hC = ⇥
�
1 +

1
3
vqeff
m

1
�I + 1

⇥
, (34)

�S =
� 1
36

q2eff
m2

+ 1
⇥ 1

2 , (35)

�I =
�1
9
q2eff
m2

+ 1
⇥ 1

2 , (36)

with v as in (21). The coe⇥cients tS , tI , �S , �I and gS are
the generalization for the inelastic transitions of the cor-
responding quantities introduced for the elastic case [16].
Within our approximations, we note that the relativistic
corrections introduce two kind of modifications with re-
spect to the non relativistic treatment: a multiplicative
factor coming from the expansion of the quark spinors
and the substitution of the momentum transfer q with
the e�ective momentum qeff in the non relativistic ma-
trix elements. The latter replacement is in agreement with
what was previously proposed by [30].

4 Results and comparison with experimental
data

The matrix elements of (26), (27) and (28) can be calcu-
lated using as input the wave fuctions obtained in a non

relativistic quark model. We present the results for the
three-body force hypercentral potential [17] introduced
in Sec. 2, which has been already used for the descrip-
tion of the spectrum [17,6], the photocouplings [29,6]
and the elastic form factors with relativistic corrections
[16]. We perform the calculations for the negative parity
resonances, choosing those for which there are some exper-
imental data available, namely the D13(1520), S11(1535),
S11(1650), S31(1620) and D33(1700) states. The results
are given in Figs. 1, 2, 3, 4, 5 and 6. We report the rela-
tivistic form factors of (26) in the EVF, compared with the
results without relativistic correction in the same frame.
For comparison we give also the non relativistic transition
form factors in the Breit system [7].

We can observe from the various figures that the rela-
tivistic corrections modify slightly the high Q2 behaviour,
which remains in agreement with data. On the contrary,
the relativistic corrections give a significant contribution
at low Q2, as already observed by [5]. It is interesting to
observe that, even if one takes into account the relativis-
tic kinematics, there still remains a strong discrepancy
with the experimental data at low Q2. This fact is in our
opinion an indication that the present description of the
e.m excitation of baryons has some deficiency. The prob-
lem is not that of finding a better 3-quark wave functions,
as proved by the similar results obtained with di�erent
constituent quark models [4,9,12,14,7,6]. Actually some
fundamental mechanism is lacking, as for instance the pro-
duction of qq pairs and/or sea-quark e�ects.

In the figures the non relativistic calculations in the
Breit frame are not drastically di�erent from the non rel-
ativistic ones in the EVF.

For the electromagnetic excitations, one can calculate
the transition radius. With the constituent quark model



In the case of the helicity amplitudes the application 
of Lorentz boosts  does not alter the results 

BUT 

for the elastic form factors the situation 
is different 







With Lorentz boosts: 
                                   improvement of the elastic f.f. 

          depletion of  the ratio GE
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A fully relativistic treatment is necessary 

 
But 
 

The relativistic effects are expected to be more  
important for the elastic form factors 

 
(the ground state)  
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GM
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Calculated values	

Point Form	


• Boosts to initial and final states	

• Expansion of current to any order	


• Conserved current	




With	  quark	  form	  factors	  	  

Genoa	  group,	  Phys.	  Rev.	  C76,	  062201	  (2007)	  





Δ(1232)	

	

Structure similar to the nucleon 
 
Spin-isospin splitting of the ground state 
 
Relativistic effects important also for the excitation? 



0 1 2 3 4 5

Q
2
(GeV

2
)

-180

-160

-140

-120

-100

-80

-60

-40

-20

0

A
p

1
/2

(1
0

-3
G

eV
 -

1
/2

)

∆(1232) (a)

0 1 2 3 4 5

Q
2
(GeV

2
)

-300

-250

-200

-150

-100

-50

0

A
p

3
/2

(1
0

-3
G

eV
 -

1
/2

)

∆(1232) (b)

Relativistic hCQM 
Point Form 

Y. B. Dong, M.G., E. Santopinto, A. Vassallo, 
Few Body Syst. 55, 873-876 (2014). 

Dash  non relativistic 
Full    point form 



Relativity is an important issue for the description of 
elastic and inelastic form factors 

but it is not the only important issue 

the medium Q2 behaviour is fairly well reproduced  (1/x potential)	

there is lack of strength at low Q2 (outer region) in the e.m. transitions	


                            specially for the A 3/2 amplitudes	


3-quark core   (about 0.5 fm) 
+ 

quark-antiquark pairs  
(Meson cloud) 

How to introduce it?	


0.5 fm  
is the value  
predicted 
by hCQM	  



•  the physical nucleon  N   is made of a bare nucleon ���
             dressed by a surrounding meson cloud	


•  Introducing higher Fock components	


Two main approaches	


Problems of inconsistency	


Consistency ok	

But:  how many components?	


Necessity of unquenching the quark model	




baryons	  

R. Bijker, E. Santopinto, 	

Phys.Rev.C80:065210,2009	  



High Q2 behaviour 



High Q^2 behaviour 

•  Helicity ratio 
                         | A1/2 |2 – | A3/2 | 2 
                                    _____________________

 

                         | A1/2 |2 + | A3/2 | 2 
 

             goes to  1  for increasing Q2 

     (helicity conservation, Carlson 1986) 

46	  

Z = 



47	  

 	
 proton	
 neutron	


P33	
 ≈ -0.5	
  	

D13	
 ok	
 ok	

F15	
 ok	
 ≈ 0.7	

D13*	
 ok	
 0.96	

D33	
 ok	
  	

D15	
  1/3	
 ≈ 0.32	

F35	
 -0.82	
  	

F37	
 -0.32	
  	

P13	
 ok	
 ok	


Helicity	  raNo	  

Structure	  	  
effects	  ?	  









Asymptotic behaviour of Δ excitation 	


A1/2 ≈ GM – 3 GE                  	

	

A3/2 ≈ 31/2 (GM + GE)                                	


Z   à  1       if   GE  à -  GM  	


Simplified h.o. model for N and Δ states	

	

|N> = as |0+

S >+ am |0+
M>              |Δ> = bs |0+

S >+ bd |2+
M> 	


                                            	

                                                                             D-wave	


Ζ = 1         if      bd    ≈  98%  !  	


Not possible in models with three quarks	

	

               higher L components?	




Conclusions 
 
•  hCQM provides a simple and systematic approach to baryon 

 properties 
(spectrum, helicity amplitudes, elastic ff) 

 
•  the hCQM structure of levels allows to describe all the new 

 negative parity resonances without  invoking  
higher shells 

 
•  relativity is important for the elastic ff and the Δ-excitation 

•  The missing strength at low Q^2 is due to the lack of  
           quark-antiquark pair mechanisms 

 
•  Such mechanisms may be important also for the high Q^2 

        behaviour of elastic ff and resonance excitation, but also  
  for the spectrum and the strong decays 


