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TABLE I. The eighth-order QED contribution from 13 gauge-invariant groups to electorn g−2. The values with a superscript

a, b, or c are quoted from Refs.[37], [8], or [38], respectively. nf shows the number of vertex diagrams contributing to A(8)
1 .

Other values are obtained from evaluation of new programs. The mass-dependence of A(8)
3 is A(8)

3 (me/mµ,me/mτ ).

group nf A(8)
1 A(8)

2 (me/mµ)× 103 A(8)
2 (me/mτ )× 105 A(8)

3 × 107

I(a) 1 0.000 876 865 · · ·
a 0.000 226 456 (14) 0.000 080 233 (5) 0.000 011 994 (1)

I(b) 6 0.015 325 20 (37) 0.001 704 139 (76) 0.000 602 805 (26) 0.000 014 097 (1)

I(c) 3 0.011 130 8 (9)b 0.011 007 2 (15) 0.006 981 9 (12) 0.172 860 (21)

I(d) 15 0.049 514 8 (38) 0.002 472 5 (7) 0.087 44 (1) 0

II(a) 36 −0.420 476 (11) −0.086 446 (9) −0.045 648 (7) 0

II(b) 6 −0.027 674 89 (74) −0.039 000 3 (27) −0.030 393 7 (42) −0.458 968 (17)

II(c) 12 −0.073 445 8 (54) −0.095 097 (24) −0.071 697 (25) −1.189 69 (67)

III 150 1.417 637 (67) 0.817 92 (95) 0.6061 (12) 0

IV(a) 18 0.598 838 (19) 0.635 83 (44) 0.451 17 (69) 8.941 (17)

IV(b) 60 0.822 36 (13) 0.041 05 (93) 0.014 31 (95) 0

IV(c) 48 −1.138 52 (20) −0.1897 (64) −0.102 (11) 0

IV(d) 18 −0.990 72 (10)c −0.1778 (12) −0.0927 (13) 0

V 518 −2.1755 (20) 0 0 0

I(a) I(b) I(c) I(d) I(e)

I(f) I(g) I(h) I(i) I(j)

II(a) II(b) II(c) II(d) II(e)

II(f) III(a) III(b) III(c) IV

V VI(a) VI(b) VI(c) VI(d) VI(e)

VI(f) VI(g) VI(h) VI(i) VI(j) VI(k)

FIG. 2. Typical self-energy-like diagrams representing 32
gauge-invariant subsets contributing to the tenth-order lepton
g−2. Solid lines represent lepton lines propagating in a weak
magnetic field.

slight modification of programs for the eighth-order dia-
grams. Together with the results of subsets VI(j,k), the

contributions from 17 subsets to A(10)
1 were evaluated

and published [10]. We recalculated all 17 subsets once
more from scratch and found that the results of I(d), I(f),
II(a), II(b), and VI(c) in [10] were incorrect. Although
the constructed integrals for the first four subsets are free
from errors, they did not include the finite renormaliza-
tion terms in the last step of the calculation. The value
of the subset VI(c) was a typo. The corrected values are
listed in Table II.
Other subsets are far more difficult to handle. Thus

we developed and utilized the code-generating algorithm
gencodeN which carries out all steps automatically,

including subtraction of ultraviolet and infrared diver-
gences [40]. By gencodeN and its modifications for
handling vacuum-polarization loops and light-by-light-
scattering loops, we have obtained fortran programs
for 12 more subsets [12, 14–18]. The subsets III(c) and
I(j), which involve one(two) light-by-light scattering sub-
diagram(s) internally, were handled manually [11, 19].
The subset II(e), which contain a sixth-order light-by-
light-scattering subdiagarm internally, was handled by
an automation procedure [13]. At least two independent
codes for non-automated programs were written by dif-
ferent members of our collaboration in order to minimize
human errors.

All integrals were numerically evaluated by VEGAS
[39]. For some diagrams of the sets IV and V that contain
cancellation of linear IR divergence within a diagram, we
used the quadruple-precision arithmetics to avoid possi-
ble round-off errors of numerical calculations. The con-
tribution of the tau-particle loop to ae is negligible at
present. Thus the sum of (6) and (9) gives effectively the
total tenth-order QED contribution to ae.

This work is supported in part by the JSPS
Grant-in-Aid for Scientific Research (C)20540261 and
(C)23540331. T. K.’s work is supported in part by the
U. S. National Science Foundation under Grant NSF-
PHY-0757868. T. K. thanks RIKEN for the hospitality
extended to him while a part of this work was carried
out. Numerical calculations are conducted on RSCC and
RICC supercomputer systems at RIKEN.

[1] D. Hanneke, S. Fogwell, and G. Gabrielse,
Phys. Rev. Lett. 100, 120801 (2008).

ar
X

iv
:1

20
5.

53
68

v2
  [

he
p-

ph
]  

18
 A

ug
 2

01
2

RIKEN-QHP-25

Tenth-Order QED Contribution to the Electron g−2
and an Improved Value of the Fine Structure Constant

Tatsumi Aoyama,1, 2 Masashi Hayakawa,3,2 Toichiro Kinoshita,4, 2 and Makiko Nio2

1Kobayashi-Maskawa Institute for the Origin of Particles and the Universe (KMI), Nagoya University, Nagoya, 464-8602, Japan
2Nishina Center, RIKEN, Wako, Japan 351-0198

3Department of Physics, Nagoya University, Nagoya, Japan 464-8602
4Laboratory for Elementary Particle Physics, Cornell University, Ithaca, New York, 14853, U.S.A

(Dated: August 21, 2012)

This paper presents the complete QED contribution to the electron g−2 up to the tenth order.
With the help of the automatic code generator, we have evaluated all 12672 diagrams of the tenth-
order diagrams and obtained 9.16 (58)(α/π)5. We have also improved the eighth-order contribution
obtaining −1.9097 (20)(α/π)4, which includes the mass-dependent contributions. These results lead
to ae(theory) = 1 159 652 181.78 (77) × 10−12. The improved value of the fine-structure constant
α−1 = 137.035 999 174 (35) [0.25ppb] is also derived from the theory and measurement of ae.

PACS numbers: 13.40.Em, 14.60.Cd, 06.20.Jr, 12.20.Ds

The anomalous magnetic moment ae ≡ (g− 2)/2 of
the electron has played the central role in testing the
validity of quantum electrodynamics (QED) as well as
the standard model of the elementary particles. On the
experimental side the measurement of ae by the Harvard
group has reached the astonishing precision [1, 2]:

ae(HV) = 1 159 652 180.73 (0.28)× 10−12 [0.24ppb] .(1)

In the standard model the contribution to ae
comes from three types of interactions, electromagnetic,
hadronic, and electroweak:

ae = ae(QED) + ae(hadronic) + ae(electroweak). (2)

The QED contribution can be evaluated by the pertur-
bative expansion in α/π:

ae(QED) =
∞
∑

n=1

(α

π

)n

a(2n)e , (3)

where a(2n)e is finite due to the renormalizability of QED
and may be written in general as

a(2n)e = A(2n)
1 +A(2n)

2 (me/mµ) +A(2n)
2 (me/mτ )

+A(2n)
3 (me/mµ,me/mτ ) (4)

to show the mass-dependence explicitly. We use the lat-
est values of the electron-muon mass ratio me/mµ =
4.836 331 66 (12)× 10−3 and the electron-tau mass ratio
me/mτ = 2.875 92 (26)× 10−4 [3].

The first three terms of A(2n)
1 are known analytically

[4–7], while A(8)
1 and A(10)

1 are known only by numerical

integration [8, 9]. They are summarized as:

A(2)
1 = 0.5,

A(4)
1 = −0.328 478 965 579 193 . . . ,

A(6)
1 = 1.181 241 456 . . . ,

A(8)
1 = −1.9106 (20), (5)

A(10)
1 = 9.16 (58) . (6)

The A(8)
1 is obtained from 891 Feynman diagrams clas-

sified into 13 gauge-invariant subsets (see Fig. 1). The

value A(8)
1 = −1.9144 (35) in [9] was confirmed by the

new calculation and replaced by the updated value (5).

The A(10)
1 receives the contribution from 12672 di-

agrams classified into 32 gauge-invariant subsets (see
Fig. 2). The results of 31 gauge-invariant subsets have
been published[10–19]. The remaining set, Set V, con-
sists of 6354 diagrams, which are more than half of all
tenth-order diagrams. However, we have managed to
evaluate it [20] with a precision which leads to theory
more accurate than that of the measurement (1):

A(10)
1 [Set V] = 10.092 (570). (7)

Adding data of all 32 gauge-invariant subsets, we are now

able to obtain the complete value of A(10)
1 as in (6), which

replaces the crude estimate A(10)
1 = 0.0(4.6) [3, 21, 22].

The mass-dependent terms A2 and A3 of the fourth
and sixth orders are known [23–28] and re-evaluated us-
ing the updated mass ratios [3],

A(4)
2 (me/mµ) = 5.197 386 67 (26) × 10−7,

A(4)
2 (me/mτ) = 1.837 98 (34) × 10−9,

A(6)
2 (me/mµ) = −7.373 941 55 (27) × 10−6,

A(6)
2 (me/mτ) = −6.583 0 (11) × 10−8,

A(6)
3 (me/mµ,me/mτ ) = 0.1909 (1) × 10−12. (8)

QED fine-structure constant

Non-perturbative

QCD running coupling constant

DCSB & Confinement

Fundamental Forces versus Bound States
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Dyson-Schwinger Equations: Equations for meson properties
22 Mesons
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Figure 3.1: The quark DSE (3.2) in pictorial form.

The dressed quark-gluon vertex consists of 12 tensor structures and can be written as

�µ(l, k, µ) =
4

X

i=1

⇣

f
(1)

i

i�µ + f
(2)

i

lµ + f
(3)

i

kµ

⌘

⌧
i

(l, k) , (3.5)

where the f
(j)

i

(l2, l ·k, k2, µ2) are Lorentz-invariant dressing functions. A possible rep-
resentation of the Dirac basis elements is given by

⌧
i

(l, k) = {1, /k, l/, [ l/, /k]} . (3.6)

The four longitudinal basis elements ⇠ kµ do not survive in the quark-DSE integral
because of the transversality of the gluon propagator. Likewise, only the transverse
projections of the remaining ones provide a non-vanishing contribution. In accordance
with the notation of the quark propagator’s dressing functions, the two covariants i�µ

and lµ are referred to as the vector and scalar components, respectively.
Using the STIs in Landau gauge, Z

1F

= Z
2

/Z̃
3

and Z
g

Z̃
3

Z
1/2

3

= 1, where Z̃
3

, Z
3

and Z
g

are ghost, gluon and charge renormalization constants, the quark self-energy
integral of Eq. (3.3) becomes

⌃(p, µ,⇤) = �16
3

Z2

2

⇤

Z

q

i�µS(q, µ)
Tµ⌫

k

k2

4

X

i=1

⇣

↵
(1)

i

i�⌫ + ↵
(2)

i

l⌫
⌘

⌧
i

(l, k), (3.7)

where we defined the coe�cients ↵
(j)

i

as combinations of the gluon dressing function
and the vertex dressings:

↵
(j)

i

(l2, l·k, k2) =
g2

4⇡

1
Z

2

Z̃
3

Z(k2, µ2) f
(j)

i

(l2, l·k, k2, µ2). (3.8)

They are independent of the renormalization point, as can be inferred from Z
g

Z̃
3

Z
1/2

3

=
1 and the renormalization-scale dependence of the quantities g ⇠ 1/Z

g

, Z ⇠ 1/Z
3

and
f

i

⇠ Z
2

/Z̃
3

.

Solution of a coupled DSE system. Both gluon propagator and quark-gluon vertex
satisfy their own DSEs. Progress on a consistent solution of this system of DSEs has

�µ

  ̄
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Rainbow-Ladder truncation: T = 0

✦ Leptonic decay

✦ Strong decay

✦ Form factor

✦ PDF, GPD, TMD, and etc.

✦ Meson spectroscopy
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Qin et. al., PRC 85, 035202 (2012)
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Rainbow-Ladder truncation: T > 0
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Rainbow-Ladder truncation: Drawbacks
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DSEs in order to approach the full QCD?

II.	Quark-gluon	vertex

III.	Scattering	kernel

IV.	Six-point	Green	function

I.	Gluon	propagator



➢ Modeling	the	dress	function:	
gluon	mass	scale	+	effective	
running	coupling	constant

11

➢ In	Landau	gauge	(a	fixed	point	of	the	
renormalization	group):	

O.	Oliveira	et.	al.,	J.Phys.	G38,	045003	(2011)

I. Gluon propagator: Dynamically massive gluon
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❑ The	gluon	mass	scale	is	typical	values	of	lattice	QCD	in	our	parameter	range:	
Mg	in	[0.6,	0.8]	GeV.	

❑ The	gluon	mass	scale	is	inversely	proportional	to	the	confinement	length.	

I. Gluon propagator: Dynamically massive gluon

Model the gluon propagator as two parts: Infrared + Ultraviolet. The former is an expansion 
of delta function; The latter is a form of one-loop perturbative calculation.

ω = 0.5 GeV (solid curve) and ω = 0.6 GeV (dashed curve)

Qin et. al., PRC 84, 042202R (2011)
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q Gauge symmetry (vector current conservation): vector WGTI

II. Quark-gluon vertex: (Abelian) Ward-Green-Takahashi Identities

q Chiral symmetry (axial-vector current conservation): axial-vector WGTI

q Lorentz symmetry + (axial-)vector current conservation: transverse WGTIs

He, PRD, 80, 016004 (2009)

The longitudinal and transverse WGTIs express 
the vertex divergences and curls, respectively. r · � r⇥ �
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Define two projection tensors and contract them 
with the transverse WGTIs,  

one can decouple the WGTIs and obtain a group 
of equations for the vector vertex:

Qin et. al., PLB 722, 384 (2013)
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Define two projection tensors and contract them 
with the transverse WGTIs,  

one can decouple the WGTIs and obtain a group 
of equations for the vector vertex:

Qin et. al., PLB 722, 384 (2013)

II. Quark-gluon vertex: Solution of WGTIs

They are a group of full-determinant linear equations. 
Thus, a unique solution for the vector vertex is exposed:

❖ The quark propagator contributes to the longitudinal and 
transverse parts. The DCSB-related terms are highlighted.

❖ The unknown high-order terms only contribute to the transverse part, i.e., the longitudinal part 
has been completely determined by the quark propagator.

Author's personal copy
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3. Solution of the coupled identities

One may now use any reliable means to solve the system of
coupled linear equations. Irrespective of the presence and form of
the functions {Xi, i = 1, . . . ,8}, part of the complete solution has

λ1(k, p) = ΣA
(
k2, p2), λ2(k, p) = #A

(
k2, p2),

λ3(k, p) = #B
(
k2, p2), λ4(k, p) = 0, (16)

where (x = k2, y = p2)

Σφ(x, y) = 1
2

[
φ(x) + φ(y)

]
, #φ(x, y) = φ(x) − φ(y)

x − y
. (17)

Namely, a necessary consequence of solving Eqs. (1), (12), (13), is
the identification of Γ L

µ(k, p) with the result derived in Ref. [4];
i.e., the Ball–Chiu Ansatz. The system of equations is linear, so the
solution for Γ L

µ(k, p) is unique. Note that we made no attempt to
impose a particular kinematic structure on the solution. Irrespec-
tive of the tensor basis chosen, and we used a variety of forms,
not just those in Eqs. (A.1)–(A.9), this part of the solution is free of
kinematic singularities. The functional form of λ3(k, p) signals that
the coupling of a dressed-fermion to a gauge boson is necessarily
influenced heavily by DCSB.

The eight functions in Eq. (8) are also completely specified.
Their form depends on {Xi, i = 1, . . . ,8}; e.g., the simplest is

τ1(k, p) = 1
2

X1(k, p)

(k2 − p2)((k · p)2 − k2 p2)
. (18)

The expressions for {τ j, j = 2,4,6,7} are more complicated but,
in common with τ1, they do not explicitly involve the scalar func-
tions (A, B) which define the dressed-fermion propagator. This is
the material point. It means that any and all effects of (A, B) in
{τ j, j = 1,2,4,6,7} are only expressed implicitly through a solu-
tion of the vertex Bethe–Salpeter equation. (N.B. Our subsequent
discussion is independent of all other details about the forms of
{τ j, j = 2,4,6,7}.)

In contrast, the expressions for {τ j, j = 3,5,8} explicitly in-
volve combinations of A(k2), A(p2), B(k2), B(p2) and {Xi, i =
1, . . . ,8}. If one supposes that {Xi ≡ 0, i = 1, . . . ,8}, then simple
results are obtained:

2τ3(k, p) = #A
(
k2, p2), (19)

τ5(k, p) = −#B
(
k2, p2), (20)

τ8(k, p) = −#A
(
k2, p2). (21)

The following features of the transverse part of the solution to
Eqs. (1), (12), (13) are particularly noteworthy.

A T 3
µ(k, p) term generally appears in the solution and, with

{Xi ≡ 0, i = 1, . . . ,8}, its coefficient is (1/2)#A(k2, p2), Eq. (19).
The functional form is a prediction of the transverse WGT identity
because, apart from our choice of tensor bases in Eqs. (A.1)–(A.9),
we implemented no other constraints. Based upon considerations
of multiplicative renormalisability and one-loop perturbation the-
ory, a vertex Ansatz was proposed in Ref. [24]. It involves a
T 3
µ(k, p) term whose coefficient is a3#A(k2, p2), with a3 + a6 =

1/2, where a6 is associated with the T 6
µ(k, p) term in Eq. (8). The

agreement between the coefficients’ functional forms is remark-
able. The choice (a3 = 0, a6 = 1/2) produces the Curtis–Pennington
Ansatz [33]. The system of equations we have solved prefers the al-
ternative (a3 = 1/2, a6 = 0). Corrections to Eq. (19) involve {Xi, i =
2,3,5}. They will depend on the gauge parameter and can affect
the balance between a3 and a6 on that domain within which it is
meaningful to think in these terms. Curiously, then, the existence

and strength of a Curtis–Pennington-like term in the vertex is de-
termined by the nonlocal quantity V A

µν(k, p) in Eq. (5).
The solution contains an explicit anomalous magnetic moment

term for the dressed-fermion; viz., a T 5
µ(k, p) term. We find that

its appearance is a straightforward consequence of Lagrangian-
based symmetries but its necessary existence has been argued by
other authors using very different reasoning [34–37]. With {Xi ≡ 0,
i = 1, . . . ,8}, the coefficient of T 5

µ(k, p) is “= −1 × #B(k2, p2);”
i.e., Eq. (20). We reiterate that the functional form is a predic-
tion. It signals the intimate connection of this term with DCSB.
In Ref. [24], following a line of argument based upon multiplica-
tive renormalisability and leading-order perturbation theory, a ver-
tex Ansatz was proposed in which the coefficient of this term is
“−4/3 × #B(k2, p2).” The latter analysis was performed in Landau
gauge whereas, herein, we have not needed to specify a gauge-
parameter value. The perfect agreement between the functional
forms is striking and the near agreement between the coefficients
is interesting. Corrections to Eq. (20) involve {Xi, i = 1,4,6}. They
will depend on the gauge parameter, and on that domain within
which it is meaningful to characterise the vertex Ansatz in the
manner of Ref. [24] they may be seen as modifications to the
coefficient of T 5

µ(k, p) therein. Thus, the strength of the explicit
anomalous magnetic moment term in the vertex is finally deter-
mined by the nonlocal quantity V A

µν(k, p) in Eq. (5).
It was explained in Ref. [37] that in the presence of an ex-

plicit anomalous magnetic moment term, agreement with per-
turbation theory requires the appearance of τ8(k, p) ≠ 0. (N.B.
τ8 herein corresponds to τ4 in the notation of Refs. [37,38].)
This was confirmed in Ref. [24], wherein the analysis yields a
vertex Ansatz that includes τ8 = a8#A(k2, p2), whose functional
form is precisely the same as that predicted herein, Eq. (21). We
find a8 = −1. The asymptotic analysis in Ref. [24] indicates that
1 + a2 + 2(a3 − a6 + a8) = 0, where a2 is associated with the τ2
term. If {Xi ≡ 0, i = 1, . . . ,8}, then (a2 = 0, a3 = 1/2, a6 = 0) and
hence the solution to Eqs. (1), (12), (13) is consistent with the
known constraint. Corrections to Eq. (21) involve {Xi, i = 2,3,8}.
They will depend on the gauge parameter and can modify the co-
efficient in Eq. (21) on that domain within which it is meaningful
to describe the vertex Ansatz in this way.

The preceding considerations lead us to a minimal Ansatz for
the vertex that describes the interaction between an Abelian gauge
boson and a dressed-fermion:

Γ M
µ (k, p) = Γ BC

µ (k, p) + Γ TM
µ (k, p), (22)

where Γ BC
µ (k, p) is constructed from Eqs. (7), (16), (A.1) and

Γ TM
µ (k, p) is built from Eqs. (8), (19)–(21), (A.2)–(A.9) plus the

results {τ j ≡ 0, j = 1,2,4,6,7}. We describe the Ansatz as min-
imal because it is the simplest structure that is simultaneously
compatible with the constraints expressed in Ref. [24] and all
known Ward–Green–Takahashi identities, both longitudinal and
transverse.

Employed to express the electromagnetic coupling of a dressed-
fermion described by a spinor that satisfies

ū(p,M )(iγ · p + M ) = 0 = (iγ · p + M )u(p,M ), (23)

the vertex produces a renormalisation-point-invariant anomalous
magnetic moment [24]

κ = 2M
2M δA − 2δB

σA − 2M 2δA + 2M δB
= −2MδM

1 + 2MδM
, (24)

where σA = ΣA(M 2,M 2), δA,B,M = #A,B,M(M 2,M 2). In the chi-
ral limit and absent DCSB, M = 0 and hence κ vanishes. In con-
trast, using the DCSB-improved gap equation kernel in Ref. [39],
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imal because it is the simplest structure that is simultaneously
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Employed to express the electromagnetic coupling of a dressed-
fermion described by a spinor that satisfies

ū(p,M )(iγ · p + M ) = 0 = (iγ · p + M )u(p,M ), (23)

the vertex produces a renormalisation-point-invariant anomalous
magnetic moment [24]
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2M δA − 2δB

σA − 2M 2δA + 2M δB
= −2MδM

1 + 2MδM
, (24)

where σA = ΣA(M 2,M 2), δA,B,M = #A,B,M(M 2,M 2). In the chi-
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III. Scattering kernel: Elements of quark gap equation

2

I. NEW KERNEL

At the first place, I tried all existed Bethe-Salpeter kernels. I found that none of them is perfect. Their significant
flaw is that in the timelike region where bound-states exist they have artificial singularities. Because of the singularities,
bound-states can be not properly described. After analyzing numerous schemes to remove the singularities, I eventually
realize that we have to consider the color-singlet vector and axial-vector WGTIs, simultaneously, to construct a
kinematic-singularity-free kernel.

Let us start the story at the very beginning. The color-singlet vector and axial-vector WGTIs read, respectively,

Pµ�5µ(k, P ) + 2im�5(k, P ) = S�1(k+)i�5 + i�5S
�1(k�), (1)

iPµ�µ(k, P ) = S�1(k+)� S�1(k�). (2)

As we known, the quark propagator depends on the quark-gluon vertex while the vertices depend on the quark–anti-
quark scattering kernel. Can we build a relation between the vertex and the kernel? In order to answer the question,
we insert the following equations into the WGTIs,

�H
↵�(k, P ) = �H

↵� +

Z

q

K(k±, q±)↵↵0,�0� [S(q+)�
H(q, P )S(q�)]↵0�0 , (3)

S�1(k) = S�1
0 (k) +

Z

q

Dµ⌫(k � q)�µS(q)�⌫(q, k), (4)

where the color structure is suppressed because it just contributes a factor to the integral. We obtain
Z

q

K↵↵0,�0�{S(q+)[S�1(q+)� S�1(q�)]S(q�)}↵0�0 =

Z

q

Dµ⌫(k � q)�µ[S(q+)�⌫(q+, k+)� S(q�)�⌫(q�, k�)],

Z

q

K↵↵0,�0�{S(q+)[S�1(q+)�5 + �5S
�1(q�)]S(q�)}↵0�0 =

Z

q

Dµ⌫(k � q)�µ[S(q+)�⌫(q+, k+)�5 � �5S(q�)�⌫(q�, k�)].

Now we have two equations in hand to constrain the kernel. Plainly, two unknowns can be solved by the two equations.
That is to say, the kernel has two structures to be exposed by the WGTIs. In previous works, the vector and axial-
vector WGTIs were considered separately and the vertices in di↵erent channels were solved with di↵erent forms of the
kernel. If one enforces the vertices to share the same kernel, the WGTIs then can not be compatible with each other.
Here, we assume that all vertices share the same kernel which has two unknown structures to be determined by the
WGTIs. The “two” is perfect because there is neither incomplete nor overdetermined constraints for the kernel.
Explicitly, the kernel has the following structure,

K↵↵0,�0�(q±, k±)[S(q+) � S(q�)]↵0�0 = �Dµ⌫(k � q)�µS(q+) � S(q�)�⌫(q�, k�)

+Dµ⌫(k � q)�µS(q+) � K+
⌫ (q±, k±)

+Dµ⌫(k � q)�µS(q+) �5 � �5 K�
⌫ (q±, k±), (5)

where � denotes the inserted vertex. In the above expression, the first term in the right hand side is a one-
gluon exchange form with the dressed quark-gluon vertex, which is a straightforward improvement of the ladder
approximation. Obviously, this single term violates the WGTIs. The K± terms rescue the symmetries and can be
determined by the WGTIs. The �5 in the last term indicates that K± act on the vertex in two di↵erent ways.
Namely, K± have a sort of “chiral” relation as the vector and axial-vector WGTIs do. It should be pointed out that
the appearance of �5 is crucial because the kernel degenerates to the traditional one if �5 are simply removed.

For simplicity, suppressing the momentum dependences (Dµ⌫ = Dµ⌫(k � q), S+ ⌘ S(q+), S� ⌘ S(q�), �+
⌫ ⌘
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III. Scattering kernel: Elements of quark gap equation
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where � denotes the inserted vertex. In the above expression, the first term in the right hand side is a one-
gluon exchange form with the dressed quark-gluon vertex, which is a straightforward improvement of the ladder
approximation. Obviously, this single term violates the WGTIs. The K± terms rescue the symmetries and can be
determined by the WGTIs. The �5 in the last term indicates that K± act on the vertex in two di↵erent ways.
Namely, K± have a sort of “chiral” relation as the vector and axial-vector WGTIs do. It should be pointed out that
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The kernel satisfies the following WGTIs:  quark propagator + quark-gluon vertex
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III. Scattering kernel: Elements of quark gap equation

Assuming the scattering kernel has the following structure:

which has three terms including two unknown objects. 
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flaw is that in the timelike region where bound-states exist they have artificial singularities. Because of the singularities,
bound-states can be not properly described. After analyzing numerous schemes to remove the singularities, I eventually
realize that we have to consider the color-singlet vector and axial-vector WGTIs, simultaneously, to construct a
kinematic-singularity-free kernel.

Let us start the story at the very beginning. The color-singlet vector and axial-vector WGTIs read, respectively,

Pµ�5µ(k, P ) + 2im�5(k, P ) = S�1(k+)i�5 + i�5S
�1(k�), (1)

iPµ�µ(k, P ) = S�1(k+)� S�1(k�). (2)

As we known, the quark propagator depends on the quark-gluon vertex while the vertices depend on the quark–anti-
quark scattering kernel. Can we build a relation between the vertex and the kernel? In order to answer the question,
we insert the following equations into the WGTIs,
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where � denotes the inserted vertex. In the above expression, the first term in the right hand side is a one-
gluon exchange form with the dressed quark-gluon vertex, which is a straightforward improvement of the ladder
approximation. Obviously, this single term violates the WGTIs. The K± terms rescue the symmetries and can be
determined by the WGTIs. The �5 in the last term indicates that K± act on the vertex in two di↵erent ways.
Namely, K± have a sort of “chiral” relation as the vector and axial-vector WGTIs do. It should be pointed out that
the appearance of �5 is crucial because the kernel degenerates to the traditional one if �5 are simply removed.
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III. Scattering kernel: Elements of quark gap equation

Assuming the scattering kernel has the following structure:

which has three terms including two unknown objects. 
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At the first place, I tried all existed Bethe-Salpeter kernels. I found that none of them is perfect. Their significant
flaw is that in the timelike region where bound-states exist they have artificial singularities. Because of the singularities,
bound-states can be not properly described. After analyzing numerous schemes to remove the singularities, I eventually
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�1(k�), (1)

iPµ�µ(k, P ) = S�1(k+)� S�1(k�). (2)

As we known, the quark propagator depends on the quark-gluon vertex while the vertices depend on the quark–anti-
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we insert the following equations into the WGTIs,
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Dµ⌫(k � q)�µS(q)�⌫(q, k), (4)

where the color structure is suppressed because it just contributes a factor to the integral. We obtain
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Now we have two equations in hand to constrain the kernel. Plainly, two unknowns can be solved by the two equations.
That is to say, the kernel has two structures to be exposed by the WGTIs. In previous works, the vector and axial-
vector WGTIs were considered separately and the vertices in di↵erent channels were solved with di↵erent forms of the
kernel. If one enforces the vertices to share the same kernel, the WGTIs then can not be compatible with each other.
Here, we assume that all vertices share the same kernel which has two unknown structures to be determined by the
WGTIs. The “two” is perfect because there is neither incomplete nor overdetermined constraints for the kernel.
Explicitly, the kernel has the following structure,

K↵↵0,�0�(q±, k±)[S(q+) � S(q�)]↵0�0 = �Dµ⌫(k � q)�µS(q+) � S(q�)�⌫(q�, k�)

+Dµ⌫(k � q)�µS(q+) � K+
⌫ (q±, k±)

+Dµ⌫(k � q)�µS(q+) �5 � �5 K�
⌫ (q±, k±), (5)

where � denotes the inserted vertex. In the above expression, the first term in the right hand side is a one-
gluon exchange form with the dressed quark-gluon vertex, which is a straightforward improvement of the ladder
approximation. Obviously, this single term violates the WGTIs. The K± terms rescue the symmetries and can be
determined by the WGTIs. The �5 in the last term indicates that K± act on the vertex in two di↵erent ways.
Namely, K± have a sort of “chiral” relation as the vector and axial-vector WGTIs do. It should be pointed out that
the appearance of �5 is crucial because the kernel degenerates to the traditional one if �5 are simply removed.

For simplicity, suppressing the momentum dependences (Dµ⌫ = Dµ⌫(k � q), S+ ⌘ S(q+), S� ⌘ S(q�), �+
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Assuming that the above identities are fulfilled with any gluon propagator model, one has to require their integral
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Inserting the ansatz for the kernel into its WGTIs, we have
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Namely, K± have a sort of “chiral” relation as the vector and axial-vector WGTIs do. It should be pointed out that
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Algebraic version of the WGTIs, which the scattering kernel satisfy, are written as
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determined by the WGTIs. The �5 in the last term indicates that K± act on the vertex in two di↵erent ways.
Namely, K± have a sort of “chiral” relation as the vector and axial-vector WGTIs do. It should be pointed out that
the appearance of �5 is crucial because the kernel degenerates to the traditional one if �5 are simply removed.

For simplicity, suppressing the momentum dependences (Dµ⌫ = Dµ⌫(k � q), S+ ⌘ S(q+), S� ⌘ S(q�), �+
⌫ ⌘

�⌫(q+, k+), and ��
⌫ ⌘ �⌫(q�, k�)), we have

Z

q

Dµ⌫�µS+(�
+
⌫ � ��

⌫ ) =

Z

q

Dµ⌫�µS+(S
�1
+ � S�1

� )K+
⌫ +

Z

q

Dµ⌫�µS+�5(S
�1
+ � S�1

� )�5K�
⌫ , (6)

Z

q

Dµ⌫�µS+(�
+
⌫ �5 + �5�

�
⌫ ) =

Z

q

Dµ⌫�µS+(S
�1
+ �5 + �5S

�1
� )K+

⌫ +

Z

q

Dµ⌫�µS+(�5S
�1
+ + S�1

� �5)K�
⌫ . (7)

Assuming that the above identities are fulfilled with any gluon propagator model, one has to require their integral
kernels to be identical, i.e.,

�+
⌫ � ��

⌫ = (S�1
+ � S�1

� )K+
⌫ + �5(S

�1
+ � S�1

� )�5K�
⌫ , (8)

�+
⌫ �5 + �5�

�
⌫ = (S�1

+ �5 + �5S
�1
� )K+

⌫ + (�5S
�1
+ + S�1

� �5)K�
⌫ . (9)

Inserting the ansatz for the kernel into its WGTIs, we have

III. Scattering kernel: Elements of quark gap equation

2

I. NEW KERNEL

At the first place, I tried all existed Bethe-Salpeter kernels. I found that none of them is perfect. Their significant
flaw is that in the timelike region where bound-states exist they have artificial singularities. Because of the singularities,
bound-states can be not properly described. After analyzing numerous schemes to remove the singularities, I eventually
realize that we have to consider the color-singlet vector and axial-vector WGTIs, simultaneously, to construct a
kinematic-singularity-free kernel.

Let us start the story at the very beginning. The color-singlet vector and axial-vector WGTIs read, respectively,

Pµ�5µ(k, P ) + 2im�5(k, P ) = S�1(k+)i�5 + i�5S
�1(k�), (1)

iPµ�µ(k, P ) = S�1(k+)� S�1(k�). (2)

As we known, the quark propagator depends on the quark-gluon vertex while the vertices depend on the quark–anti-
quark scattering kernel. Can we build a relation between the vertex and the kernel? In order to answer the question,
we insert the following equations into the WGTIs,

�H
↵�(k, P ) = �H

↵� +

Z

q

K(k±, q±)↵↵0,�0� [S(q+)�
H(q, P )S(q�)]↵0�0 , (3)

S�1(k) = S�1
0 (k) +

Z

q

Dµ⌫(k � q)�µS(q)�⌫(q, k), (4)

where the color structure is suppressed because it just contributes a factor to the integral. We obtain
Z

q

K↵↵0,�0�{S(q+)[S�1(q+)� S�1(q�)]S(q�)}↵0�0 =

Z

q

Dµ⌫(k � q)�µ[S(q+)�⌫(q+, k+)� S(q�)�⌫(q�, k�)],

Z

q

K↵↵0,�0�{S(q+)[S�1(q+)�5 + �5S
�1(q�)]S(q�)}↵0�0 =

Z

q

Dµ⌫(k � q)�µ[S(q+)�⌫(q+, k+)�5 � �5S(q�)�⌫(q�, k�)].

Now we have two equations in hand to constrain the kernel. Plainly, two unknowns can be solved by the two equations.
That is to say, the kernel has two structures to be exposed by the WGTIs. In previous works, the vector and axial-
vector WGTIs were considered separately and the vertices in di↵erent channels were solved with di↵erent forms of the
kernel. If one enforces the vertices to share the same kernel, the WGTIs then can not be compatible with each other.
Here, we assume that all vertices share the same kernel which has two unknown structures to be determined by the
WGTIs. The “two” is perfect because there is neither incomplete nor overdetermined constraints for the kernel.
Explicitly, the kernel has the following structure,

K↵↵0,�0�(q±, k±)[S(q+) � S(q�)]↵0�0 = �Dµ⌫(k � q)�µS(q+) � S(q�)�⌫(q�, k�)

+Dµ⌫(k � q)�µS(q+) � K+
⌫ (q±, k±)

+Dµ⌫(k � q)�µS(q+) �5 � �5 K�
⌫ (q±, k±), (5)

where � denotes the inserted vertex. In the above expression, the first term in the right hand side is a one-
gluon exchange form with the dressed quark-gluon vertex, which is a straightforward improvement of the ladder
approximation. Obviously, this single term violates the WGTIs. The K± terms rescue the symmetries and can be
determined by the WGTIs. The �5 in the last term indicates that K± act on the vertex in two di↵erent ways.
Namely, K± have a sort of “chiral” relation as the vector and axial-vector WGTIs do. It should be pointed out that
the appearance of �5 is crucial because the kernel degenerates to the traditional one if �5 are simply removed.

For simplicity, suppressing the momentum dependences (Dµ⌫ = Dµ⌫(k � q), S+ ⌘ S(q+), S� ⌘ S(q�), �+
⌫ ⌘

�⌫(q+, k+), and ��
⌫ ⌘ �⌫(q�, k�)), we have

Z

q

Dµ⌫�µS+(�
+
⌫ � ��

⌫ ) =

Z

q

Dµ⌫�µS+(S
�1
+ � S�1

� )K+
⌫ +

Z

q

Dµ⌫�µS+�5(S
�1
+ � S�1

� )�5K�
⌫ , (6)

Z

q

Dµ⌫�µS+(�
+
⌫ �5 + �5�

�
⌫ ) =

Z

q

Dµ⌫�µS+(S
�1
+ �5 + �5S

�1
� )K+

⌫ +

Z

q

Dµ⌫�µS+(�5S
�1
+ + S�1

� �5)K�
⌫ . (7)

Assuming that the above identities are fulfilled with any gluon propagator model, one has to require their integral
kernels to be identical, i.e.,

�+
⌫ � ��

⌫ = (S�1
+ � S�1

� )K+
⌫ + �5(S

�1
+ � S�1

� )�5K�
⌫ , (8)

�+
⌫ �5 + �5�

�
⌫ = (S�1

+ �5 + �5S
�1
� )K+

⌫ + (�5S
�1
+ + S�1

� �5)K�
⌫ . (9)

Algebraic version of the WGTIs, which the scattering kernel satisfy, are written as

Eventually, the solution is straightforward:

✦ The form of scattering kernel is simple. 
✦ The kernel has no kinetic singularities. 
✦ All channels share the same kernel.

K±
⌫ = (2B⌃A�)

�1[(A� ⌥B�)�
⌃
⌫ ±B⌃�

�
⌫ ].

�⌃
⌫ = �+

⌫ + �5�
+
⌫ �5 ��

⌫ = �+
⌫ � ��

⌫

A� = i(� · q+)A+ � i(� · q�)A�
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III. Scattering kernel: Meson cloud

In Quantum Field theory (infinitely many degrees of freedom), high-order 
Green functions cannot completely truncated by low-order ones (unclosed).

For example, meson cloud, e.g., pion cloud, goes into the scattering kernel:
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The start point is the Bethe-Salpeter equation with meson cloud

2

I. INTRODUCTION

In order to solve QCD, we try to study its equations of motion, i.e., Dyson-Schwinger equations (DSEs). To make
the DSEs solvable, the simplest approximation, i.e., the so call rainbow-ladder (RL) truncation, has been used for
many years. It has been always a significant topic in the DSE community to go beyond the RL approximation.

Traditionally, the workflow is to construct the gap equation first and then the BSE. The logic is very natural because
the BSE is more complicated than the gap equation, moreover, the former needs the solution of the latter as an input.
Although one can make the BSE and the gap equation to preserve the WGTIs self-consistently, the scheme is usually
not unique. That is to say, for a specified gap equation, one can construct infinitely many BSEs without the WGTIs
violated, however, can not prove their equivalence or inequivalence. For a specified form of quark self-energy,

⌃(k) = , (1)

it is usually complicated to write down the BS kernel except that for the bare quark-gluon vertex we have

K(k±, q±) = , (2)

which is the leading approximation of the quark–anti-quark scattering kernel. For a given self-energy form, to construct
a scattering kernel is a longstanding problem.

Here I propose an approach which deals with the problem in an opposite direction. Let us assume that the kernel
has a next order contribution, e.g., the crossing term

K(k±, q±) = + , (3)

or even more complicated terms

K(k±, q±) = + + + , (4)

and ask a question: What kind of the quark self-energy can result in such contributions? It is actually quite easy to
answer this question. Since we have the WTIs which connect the quark propagator with the solutions of the BSE,
we can thus express the quark self-energy as a form depending on the kernel. Namely, the logic here is closed but
reversed compared to the traditional scheme: We specify the kernel first and sketch the quark self-energy then.

In other words, we write down the BSE with a specified kernel from any consideration which may be directly related
to meson properties. In the BSE, there are two key elements: the BS kernel and the quark propagator. The former
generally depends on unknown the latter. Thus, the BSE is incomplete. However, turning to the WTIs, the solutions
of the BSE can be connected with the quark propagator without any ambiguousness. Namely, the quark propagator
can be solved self-consistently. In the whole procedure, the BS kernel is the only object which needs to be specified.

II. DERIVATION

In general, the inhomogeneous BSE can be written as

�H
↵�(k, P ) = �

H
↵� +

Z

q

K(k±, q±)↵↵0,�0� [S(q+)�
H(q, P )S(q�)]↵0�0

. (5)

Once the kernel and the quark propagator are known, the vertex can be solved. Assuming that the kernel is written
as a form like Eqs. (2)-(4), etc., we find that the BSE can be specified by the quark propagator (here the gluon

3

propagator is given by models). Namely, besides the gluon model, the quark propagator is the only unknown object
in the BSE. If one has the quark propagator in hand, the solution of the BSE is straightforward. Or if one can express
the former in terms of the latter, the BSE becomes closed and solvable.

Recalling the vector and axial-vector WGTIs, we have

iPµ�µ(k, P ) = S

�1(k+)� S

�1(k�), (6)

Pµ�5µ(k, P ) + 2mi�5(k, P ) = S

�1(k+)i�5 + i�5S
�1(k�). (7)

As we expected, their left hands are the solutions of the BSE and right hands are the quark propagator. Thus, they
are exactly what we need to close the BSE. In the zero momentum limit, i.e., |P | ! 0 and P̂

2 = 1, we can simply the
WGTIs as

iP̂µ�µ(k, 0) = P̂µ
@S

�1(k)

@kµ
, (8)

2m�5(k, 0) = S

�1(k)�5 + �5S
�1(k), (9)

which express the quark propagator in terms of the projected vector and pseudo-scalar vertices.
Inserting the above WGTIs into the BSE, we express the quark gap equation as
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K(k, q)↵↵0,�0� [S(q)�5 + �5S(q)]↵0�0 , (11)

where we do not explicitly need to specify the quark-gluon vertex appearing in the quark self-energy. Note that the
quark di↵erential terms appear as the Ball-Chiu vertex does. The quark propagator, i.e., two-point Green function,
only depends on a single momentum (k). However, in the above equations, there are two momenta involved (k and
P̂ ) where P̂ projects a vector equation onto a scalar component. That is to say, we have a degree of freedom for P̂ to
specify the scalar equation. Actually, di↵erent choice of P̂ corresponds to di↵erent frame of reference. As we will see,
we can have a simple choice of P̂ which is explicitly compatible with the conventional rainbow-ladder approximation.

Let P̂ = k̂, we obtain
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Projecting the vector part of the quark propagator out by tracing the above equation with �i

/

k/4k2, we have (K =
K(k, q))
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where |k| =
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III. Scattering kernel: Meson cloud

The color-singlet axial-vector and vector WGTIs ( |P| = 0 ) are written as
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The start point is the Bethe-Salpeter equation with meson cloud

2

I. INTRODUCTION

In order to solve QCD, we try to study its equations of motion, i.e., Dyson-Schwinger equations (DSEs). To make
the DSEs solvable, the simplest approximation, i.e., the so call rainbow-ladder (RL) truncation, has been used for
many years. It has been always a significant topic in the DSE community to go beyond the RL approximation.

Traditionally, the workflow is to construct the gap equation first and then the BSE. The logic is very natural because
the BSE is more complicated than the gap equation, moreover, the former needs the solution of the latter as an input.
Although one can make the BSE and the gap equation to preserve the WGTIs self-consistently, the scheme is usually
not unique. That is to say, for a specified gap equation, one can construct infinitely many BSEs without the WGTIs
violated, however, can not prove their equivalence or inequivalence. For a specified form of quark self-energy,

⌃(k) = , (1)

it is usually complicated to write down the BS kernel except that for the bare quark-gluon vertex we have

K(k±, q±) = , (2)

which is the leading approximation of the quark–anti-quark scattering kernel. For a given self-energy form, to construct
a scattering kernel is a longstanding problem.

Here I propose an approach which deals with the problem in an opposite direction. Let us assume that the kernel
has a next order contribution, e.g., the crossing term

K(k±, q±) = + , (3)

or even more complicated terms

K(k±, q±) = + + + , (4)

and ask a question: What kind of the quark self-energy can result in such contributions? It is actually quite easy to
answer this question. Since we have the WTIs which connect the quark propagator with the solutions of the BSE,
we can thus express the quark self-energy as a form depending on the kernel. Namely, the logic here is closed but
reversed compared to the traditional scheme: We specify the kernel first and sketch the quark self-energy then.

In other words, we write down the BSE with a specified kernel from any consideration which may be directly related
to meson properties. In the BSE, there are two key elements: the BS kernel and the quark propagator. The former
generally depends on unknown the latter. Thus, the BSE is incomplete. However, turning to the WTIs, the solutions
of the BSE can be connected with the quark propagator without any ambiguousness. Namely, the quark propagator
can be solved self-consistently. In the whole procedure, the BS kernel is the only object which needs to be specified.

II. DERIVATION

In general, the inhomogeneous BSE can be written as

�H
↵�(k, P ) = �
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K(k±, q±)↵↵0,�0� [S(q+)�
H(q, P )S(q�)]↵0�0

. (5)

Once the kernel and the quark propagator are known, the vertex can be solved. Assuming that the kernel is written
as a form like Eqs. (2)-(4), etc., we find that the BSE can be specified by the quark propagator (here the gluon

3

propagator is given by models). Namely, besides the gluon model, the quark propagator is the only unknown object
in the BSE. If one has the quark propagator in hand, the solution of the BSE is straightforward. Or if one can express
the former in terms of the latter, the BSE becomes closed and solvable.

Recalling the vector and axial-vector WGTIs, we have

iPµ�µ(k, P ) = S

�1(k+)� S

�1(k�), (6)

Pµ�5µ(k, P ) + 2mi�5(k, P ) = S

�1(k+)i�5 + i�5S
�1(k�). (7)

As we expected, their left hands are the solutions of the BSE and right hands are the quark propagator. Thus, they
are exactly what we need to close the BSE. In the zero momentum limit, i.e., |P | ! 0 and P̂

2 = 1, we can simply the
WGTIs as

iP̂µ�µ(k, 0) = P̂µ
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�1(k)

@kµ
, (8)

2m�5(k, 0) = S

�1(k)�5 + �5S
�1(k), (9)

which express the quark propagator in terms of the projected vector and pseudo-scalar vertices.
Inserting the above WGTIs into the BSE, we express the quark gap equation as
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where we do not explicitly need to specify the quark-gluon vertex appearing in the quark self-energy. Note that the
quark di↵erential terms appear as the Ball-Chiu vertex does. The quark propagator, i.e., two-point Green function,
only depends on a single momentum (k). However, in the above equations, there are two momenta involved (k and
P̂ ) where P̂ projects a vector equation onto a scalar component. That is to say, we have a degree of freedom for P̂ to
specify the scalar equation. Actually, di↵erent choice of P̂ corresponds to di↵erent frame of reference. As we will see,
we can have a simple choice of P̂ which is explicitly compatible with the conventional rainbow-ladder approximation.

Let P̂ = k̂, we obtain
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Projecting the vector part of the quark propagator out by tracing the above equation with �i
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Similarly, for the scalar part, we have
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Inserting them into the BSE, we obtain the following equation
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where |k| =
p
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2, kkµ = ikµ/k/k
2. If formally decompose the kernel as

K↵↵0,�0� = [Kx
L]↵↵0 [Kx
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III. Scattering kernel: Meson cloud

The color-singlet axial-vector and vector WGTIs ( |P| = 0 ) are written as
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The start point is the Bethe-Salpeter equation with meson cloud

2

I. INTRODUCTION

In order to solve QCD, we try to study its equations of motion, i.e., Dyson-Schwinger equations (DSEs). To make
the DSEs solvable, the simplest approximation, i.e., the so call rainbow-ladder (RL) truncation, has been used for
many years. It has been always a significant topic in the DSE community to go beyond the RL approximation.

Traditionally, the workflow is to construct the gap equation first and then the BSE. The logic is very natural because
the BSE is more complicated than the gap equation, moreover, the former needs the solution of the latter as an input.
Although one can make the BSE and the gap equation to preserve the WGTIs self-consistently, the scheme is usually
not unique. That is to say, for a specified gap equation, one can construct infinitely many BSEs without the WGTIs
violated, however, can not prove their equivalence or inequivalence. For a specified form of quark self-energy,

⌃(k) = , (1)

it is usually complicated to write down the BS kernel except that for the bare quark-gluon vertex we have

K(k±, q±) = , (2)

which is the leading approximation of the quark–anti-quark scattering kernel. For a given self-energy form, to construct
a scattering kernel is a longstanding problem.

Here I propose an approach which deals with the problem in an opposite direction. Let us assume that the kernel
has a next order contribution, e.g., the crossing term

K(k±, q±) = + , (3)

or even more complicated terms

K(k±, q±) = + + + , (4)

and ask a question: What kind of the quark self-energy can result in such contributions? It is actually quite easy to
answer this question. Since we have the WTIs which connect the quark propagator with the solutions of the BSE,
we can thus express the quark self-energy as a form depending on the kernel. Namely, the logic here is closed but
reversed compared to the traditional scheme: We specify the kernel first and sketch the quark self-energy then.

In other words, we write down the BSE with a specified kernel from any consideration which may be directly related
to meson properties. In the BSE, there are two key elements: the BS kernel and the quark propagator. The former
generally depends on unknown the latter. Thus, the BSE is incomplete. However, turning to the WTIs, the solutions
of the BSE can be connected with the quark propagator without any ambiguousness. Namely, the quark propagator
can be solved self-consistently. In the whole procedure, the BS kernel is the only object which needs to be specified.

II. DERIVATION

In general, the inhomogeneous BSE can be written as
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↵�(k, P ) = �
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K(k±, q±)↵↵0,�0� [S(q+)�
H(q, P )S(q�)]↵0�0

. (5)

Once the kernel and the quark propagator are known, the vertex can be solved. Assuming that the kernel is written
as a form like Eqs. (2)-(4), etc., we find that the BSE can be specified by the quark propagator (here the gluon

3

propagator is given by models). Namely, besides the gluon model, the quark propagator is the only unknown object
in the BSE. If one has the quark propagator in hand, the solution of the BSE is straightforward. Or if one can express
the former in terms of the latter, the BSE becomes closed and solvable.

Recalling the vector and axial-vector WGTIs, we have

iPµ�µ(k, P ) = S

�1(k+)� S

�1(k�), (6)

Pµ�5µ(k, P ) + 2mi�5(k, P ) = S

�1(k+)i�5 + i�5S
�1(k�). (7)

As we expected, their left hands are the solutions of the BSE and right hands are the quark propagator. Thus, they
are exactly what we need to close the BSE. In the zero momentum limit, i.e., |P | ! 0 and P̂

2 = 1, we can simply the
WGTIs as

iP̂µ�µ(k, 0) = P̂µ
@S

�1(k)

@kµ
, (8)

2m�5(k, 0) = S

�1(k)�5 + �5S
�1(k), (9)

which express the quark propagator in terms of the projected vector and pseudo-scalar vertices.
Inserting the above WGTIs into the BSE, we express the quark gap equation as
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Z

q
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where we do not explicitly need to specify the quark-gluon vertex appearing in the quark self-energy. Note that the
quark di↵erential terms appear as the Ball-Chiu vertex does. The quark propagator, i.e., two-point Green function,
only depends on a single momentum (k). However, in the above equations, there are two momenta involved (k and
P̂ ) where P̂ projects a vector equation onto a scalar component. That is to say, we have a degree of freedom for P̂ to
specify the scalar equation. Actually, di↵erent choice of P̂ corresponds to di↵erent frame of reference. As we will see,
we can have a simple choice of P̂ which is explicitly compatible with the conventional rainbow-ladder approximation.

Let P̂ = k̂, we obtain
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Projecting the vector part of the quark propagator out by tracing the above equation with �i
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k/4k2, we have (K =
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Similarly, for the scalar part, we have
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�1(k)�5 + �5S
�1(k) = 2�5B(k2), and S(q)�5 + �5S(q) = 2�5�B(q
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Inserting them into the BSE, we obtain the following equation
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where |k| =
p
k

2, kkµ = ikµ/k/k
2. If formally decompose the kernel as

K↵↵0,�0� = [Kx
L]↵↵0 [Kx
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III. Scattering kernel: Meson cloud

The color-singlet axial-vector and vector WGTIs ( |P| = 0 ) are written as
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The start point is the Bethe-Salpeter equation with meson cloud

2

I. INTRODUCTION

In order to solve QCD, we try to study its equations of motion, i.e., Dyson-Schwinger equations (DSEs). To make
the DSEs solvable, the simplest approximation, i.e., the so call rainbow-ladder (RL) truncation, has been used for
many years. It has been always a significant topic in the DSE community to go beyond the RL approximation.

Traditionally, the workflow is to construct the gap equation first and then the BSE. The logic is very natural because
the BSE is more complicated than the gap equation, moreover, the former needs the solution of the latter as an input.
Although one can make the BSE and the gap equation to preserve the WGTIs self-consistently, the scheme is usually
not unique. That is to say, for a specified gap equation, one can construct infinitely many BSEs without the WGTIs
violated, however, can not prove their equivalence or inequivalence. For a specified form of quark self-energy,

⌃(k) = , (1)

it is usually complicated to write down the BS kernel except that for the bare quark-gluon vertex we have

K(k±, q±) = , (2)

which is the leading approximation of the quark–anti-quark scattering kernel. For a given self-energy form, to construct
a scattering kernel is a longstanding problem.

Here I propose an approach which deals with the problem in an opposite direction. Let us assume that the kernel
has a next order contribution, e.g., the crossing term

K(k±, q±) = + , (3)

or even more complicated terms

K(k±, q±) = + + + , (4)

and ask a question: What kind of the quark self-energy can result in such contributions? It is actually quite easy to
answer this question. Since we have the WTIs which connect the quark propagator with the solutions of the BSE,
we can thus express the quark self-energy as a form depending on the kernel. Namely, the logic here is closed but
reversed compared to the traditional scheme: We specify the kernel first and sketch the quark self-energy then.

In other words, we write down the BSE with a specified kernel from any consideration which may be directly related
to meson properties. In the BSE, there are two key elements: the BS kernel and the quark propagator. The former
generally depends on unknown the latter. Thus, the BSE is incomplete. However, turning to the WTIs, the solutions
of the BSE can be connected with the quark propagator without any ambiguousness. Namely, the quark propagator
can be solved self-consistently. In the whole procedure, the BS kernel is the only object which needs to be specified.

II. DERIVATION

In general, the inhomogeneous BSE can be written as
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K(k±, q±)↵↵0,�0� [S(q+)�
H(q, P )S(q�)]↵0�0

. (5)

Once the kernel and the quark propagator are known, the vertex can be solved. Assuming that the kernel is written
as a form like Eqs. (2)-(4), etc., we find that the BSE can be specified by the quark propagator (here the gluon

3

propagator is given by models). Namely, besides the gluon model, the quark propagator is the only unknown object
in the BSE. If one has the quark propagator in hand, the solution of the BSE is straightforward. Or if one can express
the former in terms of the latter, the BSE becomes closed and solvable.

Recalling the vector and axial-vector WGTIs, we have

iPµ�µ(k, P ) = S

�1(k+)� S

�1(k�), (6)

Pµ�5µ(k, P ) + 2mi�5(k, P ) = S

�1(k+)i�5 + i�5S
�1(k�). (7)

As we expected, their left hands are the solutions of the BSE and right hands are the quark propagator. Thus, they
are exactly what we need to close the BSE. In the zero momentum limit, i.e., |P | ! 0 and P̂

2 = 1, we can simply the
WGTIs as

iP̂µ�µ(k, 0) = P̂µ
@S

�1(k)

@kµ
, (8)

2m�5(k, 0) = S

�1(k)�5 + �5S
�1(k), (9)

which express the quark propagator in terms of the projected vector and pseudo-scalar vertices.
Inserting the above WGTIs into the BSE, we express the quark gap equation as
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where we do not explicitly need to specify the quark-gluon vertex appearing in the quark self-energy. Note that the
quark di↵erential terms appear as the Ball-Chiu vertex does. The quark propagator, i.e., two-point Green function,
only depends on a single momentum (k). However, in the above equations, there are two momenta involved (k and
P̂ ) where P̂ projects a vector equation onto a scalar component. That is to say, we have a degree of freedom for P̂ to
specify the scalar equation. Actually, di↵erent choice of P̂ corresponds to di↵erent frame of reference. As we will see,
we can have a simple choice of P̂ which is explicitly compatible with the conventional rainbow-ladder approximation.
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Projecting the vector part of the quark propagator out by tracing the above equation with �i
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Similarly, for the scalar part, we have
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Inserting them into the BSE, we obtain the following equation
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where |k| =
p
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2, kkµ = ikµ/k/k
2. If formally decompose the kernel as
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III. Scattering kernel: Meson cloud

The color-singlet axial-vector and vector WGTIs ( |P| = 0 ) are written as

The Bethe-Salpeter kernel can modify the quark propagator as
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The start point is the Bethe-Salpeter equation with meson cloud

2

I. INTRODUCTION

In order to solve QCD, we try to study its equations of motion, i.e., Dyson-Schwinger equations (DSEs). To make
the DSEs solvable, the simplest approximation, i.e., the so call rainbow-ladder (RL) truncation, has been used for
many years. It has been always a significant topic in the DSE community to go beyond the RL approximation.

Traditionally, the workflow is to construct the gap equation first and then the BSE. The logic is very natural because
the BSE is more complicated than the gap equation, moreover, the former needs the solution of the latter as an input.
Although one can make the BSE and the gap equation to preserve the WGTIs self-consistently, the scheme is usually
not unique. That is to say, for a specified gap equation, one can construct infinitely many BSEs without the WGTIs
violated, however, can not prove their equivalence or inequivalence. For a specified form of quark self-energy,

⌃(k) = , (1)

it is usually complicated to write down the BS kernel except that for the bare quark-gluon vertex we have

K(k±, q±) = , (2)

which is the leading approximation of the quark–anti-quark scattering kernel. For a given self-energy form, to construct
a scattering kernel is a longstanding problem.

Here I propose an approach which deals with the problem in an opposite direction. Let us assume that the kernel
has a next order contribution, e.g., the crossing term

K(k±, q±) = + , (3)

or even more complicated terms

K(k±, q±) = + + + , (4)

and ask a question: What kind of the quark self-energy can result in such contributions? It is actually quite easy to
answer this question. Since we have the WTIs which connect the quark propagator with the solutions of the BSE,
we can thus express the quark self-energy as a form depending on the kernel. Namely, the logic here is closed but
reversed compared to the traditional scheme: We specify the kernel first and sketch the quark self-energy then.

In other words, we write down the BSE with a specified kernel from any consideration which may be directly related
to meson properties. In the BSE, there are two key elements: the BS kernel and the quark propagator. The former
generally depends on unknown the latter. Thus, the BSE is incomplete. However, turning to the WTIs, the solutions
of the BSE can be connected with the quark propagator without any ambiguousness. Namely, the quark propagator
can be solved self-consistently. In the whole procedure, the BS kernel is the only object which needs to be specified.

II. DERIVATION

In general, the inhomogeneous BSE can be written as
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Once the kernel and the quark propagator are known, the vertex can be solved. Assuming that the kernel is written
as a form like Eqs. (2)-(4), etc., we find that the BSE can be specified by the quark propagator (here the gluon
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propagator is given by models). Namely, besides the gluon model, the quark propagator is the only unknown object
in the BSE. If one has the quark propagator in hand, the solution of the BSE is straightforward. Or if one can express
the former in terms of the latter, the BSE becomes closed and solvable.

Recalling the vector and axial-vector WGTIs, we have
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�1(k�), (6)
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�1(k+)i�5 + i�5S
�1(k�). (7)

As we expected, their left hands are the solutions of the BSE and right hands are the quark propagator. Thus, they
are exactly what we need to close the BSE. In the zero momentum limit, i.e., |P | ! 0 and P̂

2 = 1, we can simply the
WGTIs as
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, (8)

2m�5(k, 0) = S

�1(k)�5 + �5S
�1(k), (9)

which express the quark propagator in terms of the projected vector and pseudo-scalar vertices.
Inserting the above WGTIs into the BSE, we express the quark gap equation as
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where we do not explicitly need to specify the quark-gluon vertex appearing in the quark self-energy. Note that the
quark di↵erential terms appear as the Ball-Chiu vertex does. The quark propagator, i.e., two-point Green function,
only depends on a single momentum (k). However, in the above equations, there are two momenta involved (k and
P̂ ) where P̂ projects a vector equation onto a scalar component. That is to say, we have a degree of freedom for P̂ to
specify the scalar equation. Actually, di↵erent choice of P̂ corresponds to di↵erent frame of reference. As we will see,
we can have a simple choice of P̂ which is explicitly compatible with the conventional rainbow-ladder approximation.

Let P̂ = k̂, we obtain
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Projecting the vector part of the quark propagator out by tracing the above equation with �i
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Similarly, for the scalar part, we have
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In summary, the new version of the gap equation can be explicitly written as

8
>><

>>:

@|k|A(k2)

@|k| = 1 +
1

4

Z

q

h
k

k
µ

i

�↵
K↵↵0,�0�


@S(q)

@qµ

�

↵0�0
,

B(k2) = m+
1

4

Z

q

[�5]�↵ K↵↵0,�0�

⇥
�5�B(q

2)
⇤
↵0�0 ,

(16)

where |k| =
p
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2, kkµ = ikµ/k/k
2. If formally decompose the kernel as
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Using the quark dress functions, the new quark gap equation reads
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IV. Six-point Green function: The norm’n and current conservation

The Dyson-Schwinger equation of the four-point Green function is written as

1

MESON FORM FACTOR

The Dyson-Schwinger equation of the quark–anti-quark four-point Green function is written as

G(4)

= +

G(4)K(2) . (1)

Rearranging the above equation, we can obtain the following identity
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Equivalently, we have
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=

G(4) . (3)

If the quark and anti-quark can form a bound state, then we have the on-shell condition

G(4) ⇠ + Regular term . (4)

Inserting the on-shell condition into Eq. (3), we obtain
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where the regular terms have been suppressed. Then the wave-function of the bound state is normalized as
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Since the left-hand side of the above condition is a form of
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, its di↵erential form can be written as

8
<

:
@

@Pµ

2

4
 !�1

� K(2)

3

5

9
=

; = 2Pµ . (7)

Explicitly, the loop integral, which only depends on the total momentum P , can be written as

F(P ) =

2

4
 !�1

� K(2)

3

5
(8)

=

Z

q
�↵�(q+, q�)S

�1

↵� (q+)S
�1

�� (q�)�̄��(q+, q�)�
Z

q

Z

q0
�↵�(q+, q�)K↵�,��(q+, q�, q

0
+

, q0�)�̄��(q
0
+

, q0�) . (9)

We introduce a momentum Q with the following constrain

✓
P ± Q

2

◆
2

= �M2, (10)

and define two functions

G
+

(P,Q) =

Z

q
�↵�

✓
q
+

+

Q

2

, q�

◆
S�1

↵�

✓
q
+

+

Q

2

◆
S�1

�� (q�)�̄��

✓
q
+

� Q

2

, q�

◆

�
Z

q

Z

q0
�↵�

✓
q
+

+

Q

2

, q�

◆
K↵�,��

✓
q
+

+

Q

2

, q�, q
0
+

+

Q

2

, q0�

◆
�̄��

✓
q0
+

� Q

2

, q0�

◆
, (11)

G�(P,Q) =

Z

q
�↵�

✓
q
+

+

Q

2

, q�

◆
S�1

↵�

✓
q
+

� Q

2

◆
S�1

�� (q�)�̄��

✓
q
+

� Q

2

, q�

◆

�
Z

q

Z

q0
�↵�

✓
q
+

+

Q

2

, q�

◆
K↵�,��

✓
q
+

� Q

2

, q�, q
0
+

� Q

2

, q0�

◆
�̄��

✓
q0
+

� Q

2

, q0�

◆
. (12)



20

IV. Six-point Green function: The norm’n and current conservation

The Dyson-Schwinger equation of the four-point Green function is written as

1

MESON FORM FACTOR

The Dyson-Schwinger equation of the quark–anti-quark four-point Green function is written as

G(4)

= +

G(4)K(2) . (1)

Rearranging the above equation, we can obtain the following identity

2

4
 !�1

� K(2)

3

5 G(4)

= 1 . (2)

Equivalently, we have

G(4)

2

4
 !�1

� K(2)

3

5 G(4)

=

G(4) . (3)

If the quark and anti-quark can form a bound state, then we have the on-shell condition

G(4) ⇠ + Regular term . (4)

Inserting the on-shell condition into Eq. (3), we obtain

2

4
 !�1

� K(2)

3

5
= , (5)

where the regular terms have been suppressed. Then the wave-function of the bound state is normalized as

lim

on-shell

1

P 2

+M2

8
<

:

2

4
 !�1

� K(2)

3

5

9
=

; = 1 . (6)

Since the left-hand side of the above condition is a form of

0

0

, its di↵erential form can be written as

8
<

:
@

@Pµ

2

4
 !�1

� K(2)

3

5

9
=

; = 2Pµ . (7)

Explicitly, the loop integral, which only depends on the total momentum P , can be written as

F(P ) =

2

4
 !�1

� K(2)

3

5
(8)

=

Z

q
�↵�(q+, q�)S

�1

↵� (q+)S
�1

�� (q�)�̄��(q+, q�)�
Z

q

Z

q0
�↵�(q+, q�)K↵�,��(q+, q�, q

0
+

, q0�)�̄��(q
0
+

, q0�) . (9)

We introduce a momentum Q with the following constrain

✓
P ± Q

2

◆
2

= �M2, (10)

and define two functions

G
+

(P,Q) =

Z

q
�↵�

✓
q
+

+

Q

2

, q�

◆
S�1

↵�

✓
q
+

+

Q

2

◆
S�1

�� (q�)�̄��

✓
q
+

� Q

2

, q�

◆

�
Z

q

Z

q0
�↵�

✓
q
+

+

Q

2

, q�

◆
K↵�,��

✓
q
+

+

Q

2

, q�, q
0
+

+

Q

2

, q0�

◆
�̄��

✓
q0
+

� Q

2

, q0�

◆
, (11)

G�(P,Q) =

Z

q
�↵�

✓
q
+

+

Q

2

, q�

◆
S�1

↵�

✓
q
+

� Q

2

◆
S�1

�� (q�)�̄��

✓
q
+

� Q

2

, q�

◆

�
Z

q

Z

q0
�↵�

✓
q
+

+

Q

2

, q�

◆
K↵�,��

✓
q
+

� Q

2

, q�, q
0
+

� Q

2

, q0�

◆
�̄��

✓
q0
+

� Q

2

, q0�

◆
. (12)

Assuming that there is a bound state

1

MESON FORM FACTOR

The Dyson-Schwinger equation of the quark–anti-quark four-point Green function is written as

G(4)

= +

G(4)K(2) . (1)

Rearranging the above equation, we can obtain the following identity

2

4
 !�1

� K(2)

3

5 G(4)

= 1 . (2)

Equivalently, we have

G(4)

2

4
 !�1

� K(2)

3

5 G(4)

=

G(4) . (3)

If the quark and anti-quark can form a bound state, then we have the on-shell condition

G(4) ⇠ + Regular term . (4)

Inserting the on-shell condition into Eq. (3), we obtain

2

4
 !�1

� K(2)

3

5
= , (5)

where the regular terms have been suppressed. Then the wave-function of the bound state is normalized as

lim

on-shell

1

P 2

+M2

8
<

:

2

4
 !�1

� K(2)

3

5

9
=

; = 1 . (6)

Since the left-hand side of the above condition is a form of

0

0

, its di↵erential form can be written as

8
<

:
@

@Pµ

2

4
 !�1

� K(2)

3

5

9
=

; = 2Pµ . (7)

Explicitly, the loop integral, which only depends on the total momentum P , can be written as

F(P ) =

2

4
 !�1

� K(2)

3

5
(8)

=

Z

q
�↵�(q+, q�)S

�1

↵� (q+)S
�1

�� (q�)�̄��(q+, q�)�
Z

q

Z

q0
�↵�(q+, q�)K↵�,��(q+, q�, q

0
+

, q0�)�̄��(q
0
+

, q0�) . (9)

We introduce a momentum Q with the following constrain

✓
P ± Q

2

◆
2

= �M2, (10)

and define two functions

G
+

(P,Q) =

Z

q
�↵�

✓
q
+

+

Q

2

, q�

◆
S�1

↵�

✓
q
+

+

Q

2

◆
S�1

�� (q�)�̄��

✓
q
+

� Q

2

, q�

◆

�
Z

q

Z

q0
�↵�

✓
q
+

+

Q

2

, q�

◆
K↵�,��

✓
q
+

+

Q

2

, q�, q
0
+

+

Q

2

, q0�

◆
�̄��

✓
q0
+

� Q

2

, q0�

◆
, (11)

G�(P,Q) =

Z

q
�↵�

✓
q
+

+

Q

2

, q�

◆
S�1

↵�

✓
q
+

� Q

2

◆
S�1

�� (q�)�̄��

✓
q
+

� Q

2

, q�

◆

�
Z

q

Z

q0
�↵�

✓
q
+

+

Q

2

, q�

◆
K↵�,��

✓
q
+

� Q

2

, q�, q
0
+

� Q

2

, q0�

◆
�̄��

✓
q0
+

� Q

2

, q0�

◆
. (12)



20

IV. Six-point Green function: The norm’n and current conservation

The Dyson-Schwinger equation of the four-point Green function is written as

1

MESON FORM FACTOR

The Dyson-Schwinger equation of the quark–anti-quark four-point Green function is written as

G(4)

= +

G(4)K(2) . (1)

Rearranging the above equation, we can obtain the following identity

2

4
 !�1

� K(2)

3

5 G(4)

= 1 . (2)

Equivalently, we have

G(4)

2

4
 !�1

� K(2)

3

5 G(4)

=

G(4) . (3)

If the quark and anti-quark can form a bound state, then we have the on-shell condition

G(4) ⇠ + Regular term . (4)

Inserting the on-shell condition into Eq. (3), we obtain

2

4
 !�1

� K(2)

3

5
= , (5)

where the regular terms have been suppressed. Then the wave-function of the bound state is normalized as

lim

on-shell

1

P 2

+M2

8
<

:

2

4
 !�1

� K(2)

3

5

9
=

; = 1 . (6)

Since the left-hand side of the above condition is a form of

0

0

, its di↵erential form can be written as

8
<

:
@

@Pµ

2

4
 !�1

� K(2)

3

5

9
=

; = 2Pµ . (7)

Explicitly, the loop integral, which only depends on the total momentum P , can be written as

F(P ) =

2

4
 !�1

� K(2)

3

5
(8)

=

Z

q
�↵�(q+, q�)S

�1

↵� (q+)S
�1

�� (q�)�̄��(q+, q�)�
Z

q

Z

q0
�↵�(q+, q�)K↵�,��(q+, q�, q

0
+

, q0�)�̄��(q
0
+

, q0�) . (9)

We introduce a momentum Q with the following constrain

✓
P ± Q

2

◆
2

= �M2, (10)

and define two functions

G
+

(P,Q) =

Z

q
�↵�

✓
q
+

+

Q

2

, q�

◆
S�1

↵�

✓
q
+

+

Q

2

◆
S�1

�� (q�)�̄��

✓
q
+

� Q

2

, q�

◆

�
Z

q

Z

q0
�↵�

✓
q
+

+

Q

2

, q�

◆
K↵�,��

✓
q
+

+

Q

2

, q�, q
0
+

+

Q

2

, q0�

◆
�̄��

✓
q0
+

� Q

2

, q0�

◆
, (11)

G�(P,Q) =

Z

q
�↵�

✓
q
+

+

Q

2

, q�

◆
S�1

↵�

✓
q
+

� Q

2

◆
S�1

�� (q�)�̄��

✓
q
+

� Q

2

, q�

◆

�
Z

q

Z

q0
�↵�

✓
q
+

+

Q

2

, q�

◆
K↵�,��

✓
q
+

� Q

2

, q�, q
0
+

� Q

2

, q0�

◆
�̄��

✓
q0
+

� Q

2

, q0�

◆
. (12)

Assuming that there is a bound state

1

MESON FORM FACTOR

The Dyson-Schwinger equation of the quark–anti-quark four-point Green function is written as

G(4)

= +

G(4)K(2) . (1)

Rearranging the above equation, we can obtain the following identity

2

4
 !�1

� K(2)

3

5 G(4)

= 1 . (2)

Equivalently, we have

G(4)

2

4
 !�1

� K(2)

3

5 G(4)

=

G(4) . (3)

If the quark and anti-quark can form a bound state, then we have the on-shell condition

G(4) ⇠ + Regular term . (4)

Inserting the on-shell condition into Eq. (3), we obtain

2

4
 !�1

� K(2)

3

5
= , (5)

where the regular terms have been suppressed. Then the wave-function of the bound state is normalized as

lim

on-shell

1

P 2

+M2

8
<

:

2

4
 !�1

� K(2)

3

5

9
=

; = 1 . (6)

Since the left-hand side of the above condition is a form of

0

0

, its di↵erential form can be written as

8
<

:
@

@Pµ

2

4
 !�1

� K(2)

3

5

9
=

; = 2Pµ . (7)

Explicitly, the loop integral, which only depends on the total momentum P , can be written as

F(P ) =

2

4
 !�1

� K(2)

3

5
(8)

=

Z

q
�↵�(q+, q�)S

�1

↵� (q+)S
�1

�� (q�)�̄��(q+, q�)�
Z

q

Z

q0
�↵�(q+, q�)K↵�,��(q+, q�, q

0
+

, q0�)�̄��(q
0
+

, q0�) . (9)

We introduce a momentum Q with the following constrain

✓
P ± Q

2

◆
2

= �M2, (10)

and define two functions

G
+

(P,Q) =

Z

q
�↵�

✓
q
+

+

Q

2

, q�

◆
S�1

↵�

✓
q
+

+

Q

2

◆
S�1

�� (q�)�̄��

✓
q
+

� Q

2

, q�

◆

�
Z

q

Z

q0
�↵�

✓
q
+

+

Q

2

, q�

◆
K↵�,��

✓
q
+

+

Q

2

, q�, q
0
+

+

Q

2

, q0�

◆
�̄��

✓
q0
+

� Q

2

, q0�

◆
, (11)

G�(P,Q) =

Z

q
�↵�

✓
q
+

+

Q

2

, q�

◆
S�1

↵�

✓
q
+

� Q

2

◆
S�1

�� (q�)�̄��

✓
q
+

� Q

2

, q�

◆

�
Z

q

Z

q0
�↵�

✓
q
+

+

Q

2

, q�

◆
K↵�,��

✓
q
+

� Q

2

, q�, q
0
+

� Q

2

, q0�

◆
�̄��

✓
q0
+

� Q

2

, q0�

◆
. (12)

1

MESON FORM FACTOR

The Dyson-Schwinger equation of the quark–anti-quark four-point Green function is written as

G(4)

= +

G(4)K(2) . (1)

Rearranging the above equation, we can obtain the following identity

2

4
 !�1

� K(2)

3

5 G(4)

= 1 . (2)

Equivalently, we have

G(4)

2

4
 !�1

� K(2)

3

5 G(4)

=

G(4) . (3)

If the quark and anti-quark can form a bound state, then we have the on-shell condition

G(4) ⇠ + Regular term . (4)

Inserting the on-shell condition into Eq. (3), we obtain

2

4
 !�1

� K(2)

3

5
= , (5)

where the regular terms have been suppressed. Then the wave-function of the bound state is normalized as

lim

on-shell

1

P 2

+M2

8
<

:

2

4
 !�1

� K(2)

3

5

9
=

; = 1 . (6)

Since the left-hand side of the above condition is a form of

0

0

, its di↵erential form can be written as

8
<

:
@

@Pµ

2

4
 !�1

� K(2)

3

5

9
=

; = 2Pµ . (7)

Explicitly, the loop integral, which only depends on the total momentum P , can be written as

F(P ) =

2

4
 !�1

� K(2)

3

5
(8)

=

Z

q
�↵�(q+, q�)S

�1

↵� (q+)S
�1

�� (q�)�̄��(q+, q�)�
Z

q

Z

q0
�↵�(q+, q�)K↵�,��(q+, q�, q

0
+

, q0�)�̄��(q
0
+

, q0�) . (9)

We introduce a momentum Q with the following constrain

✓
P ± Q

2

◆
2

= �M2, (10)

and define two functions

G
+

(P,Q) =

Z

q
�↵�

✓
q
+

+

Q

2

, q�

◆
S�1

↵�

✓
q
+

+

Q

2

◆
S�1

�� (q�)�̄��

✓
q
+

� Q

2

, q�

◆

�
Z

q

Z

q0
�↵�

✓
q
+

+

Q

2

, q�

◆
K↵�,��

✓
q
+

+

Q

2

, q�, q
0
+

+

Q

2

, q0�

◆
�̄��

✓
q0
+

� Q

2

, q0�

◆
, (11)

G�(P,Q) =

Z

q
�↵�

✓
q
+

+

Q

2

, q�

◆
S�1

↵�

✓
q
+

� Q

2

◆
S�1

�� (q�)�̄��

✓
q
+

� Q

2

, q�

◆

�
Z

q

Z

q0
�↵�

✓
q
+

+

Q

2

, q�

◆
K↵�,��

✓
q
+

� Q

2

, q�, q
0
+

� Q

2

, q0�

◆
�̄��

✓
q0
+

� Q

2

, q0�

◆
. (12)

the wave function of the bound state has to satisfy the following condition
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the wave function of the bound state has to satisfy the following condition

=	0
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Assuming that there is a bound state
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the wave function of the bound state has to satisfy the following condition

=	0
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IV. Six-point Green function: The norm’n and current conservation
Introduce a function depending on (P, Q), i.e.,
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where an identity matrix is inserted in the second equal sign. Using the vector Ward identity
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If using ⇤µ(P,Q) to define the form factor of mesons,
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If using ⇤µ(P,Q) to define the form factor of mesons,
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If using ⇤µ(P,Q) to define the form factor of mesons,

⇤µ(P,Q) = 2PµF (Q2

) , (21)

then we have the current conservation F (Q2

= 0) = 1, i.e.,
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Then we obtain the following identity for G(P,Q) ⌘ G
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Explicitly, the function G(P,Q) is written as
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where an identity matrix is inserted in the second equal sign. Using the vector Ward identity
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we rewrite G(P,Q) as

G(P,Q) = Qµ⇤µ(P,Q) , (19)

with the function ⇤µ(P,Q) defined as

⇤µ(P,Q) = =
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If using ⇤µ(P,Q) to define the form factor of mesons,

⇤µ(P,Q) = 2PµF (Q2

) , (21)

then we have the current conservation F (Q2

= 0) = 1, i.e.,

lim

Q!0
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Q!0
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⇤µ(P,Q) = 2PµF (Q2

= 0) = 2Pµ . (22)

G(P,Q) ⌘ G+(P,Q)� G�(P,Q)
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Next, we define the blue and dark blue parts in Eq. (20) as, resepectively,
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Eventually, the form factor can be expressed in the Feynman diagram as

⇤µ(P,Q) = � S̃
K̃(2) . (25)

With the ladder approximation, the kernel does not depend on P and Q, thus

˜K vanishes and only the first term in

the above equation survives, i.e., the impulsion approximation.
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F (Q2 = 0) = 1Eventually, the form factor can be defined as                                 with⇤µ(P,Q) = 2PµF (Q2)
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Meson spectroscopy: From ground to radial excitation states

Let the quark-gluon vertex include both longitudinal and transverse parts:

⌧ 4µ =lTµ� · k + i�T
µ�⌫⇢l⌫k⇢,

⌧ 5µ =�µ⌫k⌫,

⌧ 8µ =3 lTµ�⌫⇢l⌫k⇢/(l
T · lT).

�T
µ (p, q) = ⌘�B⌧

5
µ + ⇠�B⌧

8
µ + 4(⌘ + ⇠)�A⌧

4
µ�µ(p, q) = �BC

µ (p, q) + �T
µ (p, q)
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Summary

Outlook

	With	the	sophisticated	method	to	solve	the	DSEs,	we	can	push	the	DSE	approach	to	a	
much	wider	range	of	applications	in	hadron	physics,	e.g.,	baryon	in	diquark	picture.

	Hopefully,	after	more	and	more	successful	applications	are	presented,	the	DSE	
approach	may	provide	a	path	to	understand	QCD.

	Based	on	LQCD	and	WGTIs,	a	systematic	and	self-consistent	method	to	construct	the	
gluon	propagator,	the	quark-gluon	vertex,	the	scattering	kernel,	and	the	form	factor	
beyond	the	simplest	approximation	is	proposed.

	A	demonstration	applying	the	method	to	light	meson	spectroscopy,	including	ground	
and	radially	excited	states,	is	presented:	The	new	method	is	powerful.
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KL
⌫ = B�1

⌃ �⌃
⌫ ,

KR
⌫ = (B⌃A�)

�1(B⌃�
�
⌫ �B��

⌃
⌫ ).

Sketching scattering kernel: with elements of quark gap equation

K↵↵0,�0�(q±, k±)[S(q+) � S(q�)]↵0�0 =�Dµ⌫(k � q)�µS(q+) � S(q�)�⌫(q�, k�)

+Dµ⌫(k � q)�µS(q+)
1
2 (�+ �5 � �5) KL

⌫ (q±, k±)

+Dµ⌫(k � q)�µS(q+)
1
2 (�� �5 � �5) KR

⌫ (q±, k±),

Rearranging the scattering kernel as the left- and right-hand forms

we have the solution as

For a given Dirac structure, only one of K^L and K^R can survive, e.g.,

� = �µ �5 � �5 = ��
�5 � �5 = �� = �5

K^R
K^L
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Meson spectroscopy: From ground to radial excitation states

Let the quark-gluon vertex includes both longitudinal and transverse parts:

✦ The longitudinal part is the Ball-Chiu vertex—an exact piece from symmetries. 
✦ The transverse part is the Anomalous Chromomagnetic Moment (ACM) vertex.

To	generate	the	quark	mass	scale	which	is	comparable	to	that	of	LQCD,	the	coupling	
strength	can	be	so	small	that	the	Rainbow-ladder	approximation	has	NO	DCSB	at	all.

�µ(p, q) = �BC
µ (p, q) + �T

µ (p, q)


